Graphical Abstract:
Introduction
Changing the fluid properties and flow geometry are two common ways of making an improvement in heat transfer rate. Using porous media, micro scale channels, increasing the surface and placing a shackle in the way of the fluid are ways of increasing heat transfer by changing the geometry. Adding nanoparticles in the base fluid is an active method for increasing the heat transfer rate. Many researchers have focused on this subject. Wang et al. [1] analyzed the rates of heat transfer for flow through a sinusoidally curved convergingdiverging channel using a simple coordinate transformation method and the spline alternating-direction implicit method. They studied the effects of wavy geometry, the Reynolds number and the Prandtl number on the skin-friction and the Nusselt number. They observed that as the wavy amplitude-wavelength and Reynolds number increase, the total heat transfer and local Nusselt number increase in the converging-diverging part of the channel. They concluded that a corrugated channel is an effective heat transfer enhancement device. Ko et al. [2] numerically investigated developing laminar forced convection and entropy generation in a wavy channel. The effects of aspect ratio and Reynolds number on entropy generation were their major concerns. Their result demonstrated the enhancement in heat transfer by increasing aspect ratio and Reynolds number. Flow through in a channel with sinusoidal plates was experimentally investigated by Tolentino et al. [3] . The experiments were operated in a water tunnel; and laser illuminated particle tracking was used as the technique of flow visualization. They reported that, for a set of flow and geometric parameters, eight waves were enough to develop the flow in the channel used for their study. Chang et al. [4] experimentally studied enhancement of heat transfer in a rotating furrowed channel with two opposite walls. Their results include Nusselt number scans which were generated by means of infra-red thermographs over two opposite leading and trailing wavy walls of a radially rotating furrowed channel. For the transverse and skewed wavy channels, the Nusselt number ratio ranges fall, between 5-8.8 and 5.4-11.3, respectively, with 1000 < Re < 2000. Choi et al. [5] applied large eddy simulation (LES) to the thermal fields of a turbulent flow in a channel having one wavy wall with various wall wave amplitudes. They showed that both the friction coefficient and Nusselt number have maximum values in the upper part of the wavy wall. Wall bending is found to effectively enhance the wall heat transfer. A numerical investigation of heat transfer and flow field in a wavy channel with a nanofluid was performed by Heidary et al. [6] . They reported that adding nanoparticles to the base fluid and the construction of wavy walls can significantly enhance the heat transfer. They also observed that the skin friction coefficient is almost insensitive to the volume fraction of nanoparticles. However, they only studied the effect of amplitude on the heat transfer. It seems that studying the effects of amplitude alone is not enough to fully understand the effect of wavy channels on Nusselt number. So in this paper the effect of other parameters, such as wavelength and phase lag have been investigated. Falahaty et al. [7] numerically studied forced convection of laminar nanofluid flow in a diverging sinusoidal channel. The results showed that by increasing aspect ratio, wall wave amplitude and Reynolds number and by decreasing wall wavelength, the length and area of recirculation zones are increased. Also, it was demonstrated that increase of the nanoparticle volume fraction and decrease of nanoparticles size, increase the fluid heat conductivity. Both recirculation growth and conductivity enhancement have an increasing impact on the local Nusselt number along the walls and a hence on the averaged Nusselt number of the duct. Esmaeili et al. [8] synthesized the porous superparamagnetic Fe3O4 nanoparticles with an average particle size of 75 nm through a potential solvothermal method in order to investigate the influence of a 3-D low voltage magnetic field on the convective heat transfer measurements. According to their results, use of the magnetic field had a significant effect on the heat transfer values induced by both Brownian motions and viscosity gradients; however, this enhancement was strongly sensitive to the applied field strength. Conclusively, their findings showed promising insights into the enhancement of the forced-convective heat transfer properties of nanofluids by applying an appropriate magnetic field. In this work laminar flow of water containing Al 2 O 3 nanoparticles is numerically simulated in a channel with sinusoidally curved walls. For this purpose the governing equations were discretized and solved using finite volume and a SIMPLE based method. Effects of different Reynolds numbers, nanoparticle volume fraction, amplitude of sinusoidal curves, and wavelength of sinusoidal curves on the Nusselt number have been studied.
Physics of the problem and governing equations
The geometry of the problem is a channel with two direct sections at the entrance and exit. Wavy walls are located at the middle section as shown in Figure  1 . The fluid enters the channel from the left and exits from the right side. The wavy walls in the top and bottom are considered isothermal and the direct sections of the channel are considered as adiabatic walls. The equation for describing the wavy wall is a function of variable amplitude and wavelength. The length of the direct section varies from 0.6m < L < 2.0m and the maximum length for all cases is 20 m. In this study six complete sinusoidal waves have been considered for all cases. 
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The continuity, momentum and energy equations for the present 2D incompressible flow can be expressed as:
The boundary conditions for this kind of flow are described as:
The Reynolds number is defined as:
The characteristics length for calculating Re is the average height of the wavy walls (h). Local Nusselt number can be defined as:
where ∂T ∂n is the temperature gradient normal to the walls.
The averaged Nusselt number N u is: 11) whereQ is total heat transferred.
Andσis the length of the curve and can be calculated as:
here T bulk is the mean temperature and can be calculated as defined below:
The thermal conductivity of the nanofluid is calculated from Chon et al. [9] , which is expressed in the following form: 
is the Boltzmann constant and l f is the mean free path of water molecules that according to the suggestion of Chon and et al. [9] is taken as 17 nm. Some researchers approved the accuracy of this model [10] . The viscosity of the nanofluid is approximated by the suggested correlation of Masoumi et al. [11] :
where δis the center to center distance of nanoparticles and V b is the Brownian velocity of the nanoparticles. . The density and specific heat of the nanofluid are calculated using the correlation provided by Pak and Cho [12] , which are defined as follows:
Pr nf =µ nf × c p nf / k nf (1.24)
Results and Discussion
As shown in Figure 2 Figures 3 and 4 compare stream lines of the present work and experimentally generated photos that provided by Tolentino et al. [3] . Although the present code is capable to capturing these fluctuations and the stream lines for early waves are matched quite well with the experiments. As it was expected the averaged Nusselt number increases as the volume fraction increases. However, in high volume fractions and high Reynolds numbers it has been seen that adding more nanoparticles to the base fluid will cause a slightly reduction in the averaged Nusselt number. This is a consequence of increasing the viscosity of the fluid. Figure 5 shows that up to a 25% enhancement of heat transfer by adding nanoparticles, is achieved. Figure 7 shows the averaged Nusselt number at different wavelengths. As the wavelength increases the averaged Nusselt number approaches the mean Nusselt number of a simple straight channel. There is an exceptional behavior near wavelength 3 and four. It is related to formation of recirculation zone. With decreasing wavelength vortexes form near wall lead to circulating behavior flow. These circulating flow causes to decreasing of heat transfer. On the other hand decreasing of the wavelength will cause to increasing the heat transfer. Total enhancement or lessen of heat transfer is dependent on which term is stronger. 
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The effect of wavelength can be seen in Figure 8 for Re = 200 and Re = 400. This increasing is due to increasing the hot area around the fluid. By increasing the wavelength of the channel the averaged Nusselt tends to approach the averaged Nusselt in a simple channel. Around a wavelength of 3 to 4 there is an unusual behavior for the Nusselt number. If we consider an inviscid fluid, increasing the velocity and Re leads to an enhancement of heat transfer. On the other hand for viscous fluids the adverse pressure gradient separates the flow from the surface and vortex is formed. In Figure 9 the stream functions is compared with the experimental work established by Tolentiono et al. [3] . A good agreement is observed between them. In Figure 10 the effect of phase lag on heat transfer is presented. Phase lag is the phase difference of the upper wall's wave from the lower wall's wave. A high heat transfer enhancement is observed for 135 and 225 phase lag degrees. These peaks are typical for any case, however the peak intensity is stronger when height of the channel is small. 
Conclusion
The nanofluid flow in a two dimensional channel with wavy walls has been investigated numerically. The effects of wavelengths, phase difference between waves of opposite walls, Reynolds number and volume fraction of nanoparticles on the local and total heat transfer has been studied. Adding nanoparticles to the base flow had a great effect on heat transfer. Also, it has been seen that at 135 or 225 degrees the angle difference will maximize the heat transfer. Another way to increase heat transfer was to decrease the wavelength; however it may not be a straight answer for industrial concerns due to pressure drop.
